









UNITARITY AND THE BFKL POMERON*
A.H. Mueller
Department of Physics, Columbia University, New York, N.Y. 10027
High Energy onium-onium scattering is calculated as a function of
impact parameter in the one and two pomeron exchange approxima-
tion. Diculties with using the multiple scattering series to unitarize
single pomeron exchange at high energy are noted. An operator for-
malsim which sums all numbers of pomeron exchange is given. A toy
model which has a similar operator structure at high energy as QCD is
presented and the S-matrix is evaluated. Estimates of the energies and
impact parameters at which blackness occurs in onium-onium scatter-
ing are given. It is emphased that the problem of unitarity in high
energy onium-onium scattering can be solved in a purely perturbative
context, with a non-running coupling if the onium is heavy enough.
1. Introduction
The Balitsky, Fadin,Kuraev and Lipatov (BFKL)[1-3] pomeron applies to
processes which are at the same time hard processes and high energy processes.
On the conceptual level perhaps the simplest process where the BFKL pomeron
applies is in high energy onium-onium scattering. For a suciently heavy onium
state perturbation theory naturally applies while for high enough energy the
essential, and interesting, aspects of having to deal with collisions of projectiles
consisting of a large numbr of partons are present.
In earlier papers[4-5] a picture has been developed for high energy scatter-
ing in which a high energy onium state looks like a collection of independent
color dipoles of various sizes. (For a somewhat related discussion see ref.6 and
7.) In a high energy onium-onium elastic scattering the scattering occurs due
to a dipole in one onium state scattering o a dipole in the other onium state
* This work is supported in part by the Department of Energy Under Grant DE-FG02-94ER40819
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by means of the exchange of two gluons. The BFKL pomeron amplitude was
recovered in this dipole picture with the onium-onium cross section due to a
single dipole scattering given by

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where R is the onium radius and Y = `n s=M
2
with M the onium mass and s
the square of the center of mass energy of the collision. The cross section due
to the independent interaction of two dipoles in one onium with two dipoles in
the other onium was also found to be

(2)














with c a constant.
It is perhaps surprising that 
(2)







the BFKL pomeron is a xed cut in the angular momentum plane. However,






































from (10) with a given by (9). Thus 
(1)
is determined mostly by impact
parameters much larger than R. We shall see that the dominant contribution to

(1)
comes from the interaction of dipoles dilutely spread over a large radius in
impact parameter space. Because the dipoles are dilute they do not contribute




is determined from the interactions of dipoles no
further than R from the center of the heavy quark-antiquark pair.
At suciently large Y one does not expect (1) to be a good representa-
tion of the total onium-onium cross section. Indeed, the growth in Y of 
(2)
;
and of the \cross sections" corresponding to higher numbers of dipole interac-
tions, is much stronger than that of 
(1)
: However, we have just seen above
that unitarity corrections are likely to be much simpler when viewed in impact
2
parameter space. To that end single pomeron exchange is examined, in terms of
dipole scattering, in impact parameter space, in sect.2. In the appendix double
pomeron exchange is evaluated in impact parameter space and a curious phe-





















is dominated by uctuations in the onium wavefunction which have
little probability but which have a very large two-dipole cross section. This
unsettling result means that the dominant term in the two pomeron exchange
is coming from dierent parts of the onium wavefunction than determine single
pomeron exchange. Thus, the dominant part of two pomeron exchange is not
serving to unitarize single pomeron exchange.
In sect.3, an operator formalism for onium-onium scattering is developed
and an expression for the S-matrix is given in eq.(32). The S-matrix given by
(32) in principal has all numbers of pomeron exchange included. As an operator
expression it looks like an eikonal approximation, however, when evaluated it
does not correspond to an eikonal approximation as the explicit calculations in
sect.2 and the appendix show. Eq.(32) gives an S-matrix obtained by evaluating
the wavefunction in the large N
c
limit and in the leading logarithmic approxi-
mation in longitudinal momentum. The S-matrix (32) is given by the sum of all
numbers of dipole-dipole scatterings in the onium-onium collision. Since each
dipole-dipole scattering is down by 1=N
2
c








tions to the wavefunction need not be included to get a good approximation to
the S-matrix.
In sect.4, a toy model is given which has a structure for scattering similar
to that of QCD but which has no transverse dimensions. This allows an exact
evaluation of the wavefunction in which the number of partons is distributed in
a KNO[8] manner. The formula for the S-matrix given by (47) is structurally
identical to (32), but without the complexity of the many degrees of freedom due
to transverse dimensions. The multiple scattering series is divergent but Borel
summable. The multiple scattering series given by (32) for four-dimensional
3
QCD is also likely to be a divergent series with N!'s appearing in the scattering
of N dipoles.
In sect.5 we give qualitative estimates of the S-matrix in high energy onium-
onium scattering including unitarity corrections. We are able to follow the
behavior of the S-matrix, and the resulting onium-onium cross section, to en-
ergies somewhat beyond that where the onium-onium cross section is black out
to impact parameters as large as the diusion radius of the bFKL pomeron. As
energies increase and blackness goes beyond the diusion radius the rst strong
modications of the BFKL formula for the total cross section are evident. At
lower energies there are strong unitarity corrections at small impact parameters,
but the BFKL formula for the total cross section is esssentially unmodied.
It should be emphasized that the S-matrix given by (32) is determined
purely from perturbation theory. That is, unitarity is realized by a perturbative,
even a xed coupling, calculation. The truly nonperturbative phenomena which
are involved in trying to understand the high eld strength saturation[9] limit
only occur at higher energies after blackness of the cross section has set in.
Although we have not been able to evaluate the S-matrix given by (32)
analytically, it should be emphasized that a numerical evaluation of (32) is in
principle straightforward. Such an evaluation would necessitate constructing
the square of the many dipole wavefunction by a Monte Carlo evaluation of the
branching process giving that wavefunction. Then one would evaluate e
 f
for
each Monte Carlo generated event, and nally average over the Monte Carlo
events.
Finally, we note that Li and Tan[10] have recently solved the high energy
behavior of scattering in 2+1-dimensional QCD. In their calculation they nd
that single pomeron exchange leads to a logarithmically decreasing cross section
at high energy. Muultiple scattering terms are asymptotically smaller. Li and
Tan also introduce an impact parameter description of the scattering which is
very similar to the one used in the present paper.
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2. Single Pomeron Exchange
In this section single pomeron exchange in onium-onium scattering will be
calculated. The calculation follows that given in ref.5, but here the result is
given for onium-onium scattering at a denite impact parameter. A(Y,b) can
be written as








































































; z) is the square of the heavy quark-antiquark part of the onium
wavefunctions with x
01
the transverse coordinate separation between the heavy
quark and antiquark, and z
1
is the longitudinal momentum fraction of the
antiquark. n(x
01
; x; Y=2; b
1
) is the number density of dipoles of size x at a
transverse distance b
1
from the center of the heavy quark-antiquark pair where
the momentum fraction of the softest of the two gluons involved in making up
the dipole is greater than e
 Y=2
: (Recall that in the large N
c
limit one can view
each gluon in the onium wavefunction as a quark-antiquark pair. The dipole x
is made of a quark part of one gluon and an antiquark part of another gluon.) In
the center of the mass system, eq.(3) expresses onium-onium scattering as the
interaction, due to two gluon exchange, of a right-moving dipole in one onium
state with a left-moving dipole in the other onium state. Eqs.(2) and (3) are the
direct analogues of eqs.(8) and (20) of ref.5, but where now we have introduced















can be taken at the same point.
The relationship between the impact parameter number densities and those

















































































































































Substituting (8) into (3) one nds
F
(1)










































We note that the forward scattering amplitude, F
(1)




























in agreement with eq.(26) of ref.5.
Comparing (10) and (11) it is clear that the dominant part of the total
cross section, in the one pomeron exchange approximation, comes from impact














Thus the cross section is dominated by impact parameters much larger than
the average onium radius, R. From (8) one sees that the dipole number density
become small when b
2
becomes large. Even when b/R is not too large it is easy
to check from (2) that scattering takes place through the interaction of dipoles
of size x  x
0
<< b and that these small dipoles are spread rather dilutely over
the area of scattering so long as Y is not too large.
3. Operator Formulation of High Energy Onium-Onium Scattering











) which destroy and create a dipole of size x

and whose center is at b

: As in ref.4 let Z be the generating functional for





























































































; y; u); (12)




>  is required.
 is assumed small. Eq.(12) can be formulated in an operator language by

































) as an operator which creates a dipole of separation x

and
whose center is at b

:
The basic vertex in eq.(12) changes one dipole into two. To that end we
























































a vertex which destroys a dipole and creates two dipoles. The integral in (14)




> ; but we drop the  subscript for simplicity. Also,
introduce an interaction, V
2









































































In order to get a little more familiar with the operator language let us show











































































































































































































When u=1 the term linear in a a cancels meaning that V (a
+







a terms only. This gives Z=1 in (19).
In order to make connection with the conventional approaches we now

































in (21) is to keep the same normalization as we have

































































































































































are the eigenfuctions of the two Casimir operators of the con-


































































































































In arriving at (28) we have used eqs.23 and A.16 of ref.3. Using (25), (26) and
(28) in (22) one nds
n(x
01


















































































it is easy to see that (8) results when x=b; x
01
=b << 1:
In the operator formalism it is easy to write down an expression for the
scattering amplitude of two high energy onium states. In the center of mass






) as a creation operator for






) as a creaton
operator for left-moving dipoles in the left-moving onium state. Dening F as

























































by replacing a and a
+
by d and d
+
: f is determined by requiring that F
(1)
;
as given in (3), results from expanding e
 f











































































































































































Recall again, the essential assumption in (33) is that the important contribu-




















in (33), can be taken to be the same value. This assumption is










If one expands e
 f
,in (32), in powers of f a multiple scattering series
for F emerges. However, the multiple scattering series is not useful here to
impose unitarity because the parts of the onium wavefunction which dominate
two or more scatterings are not the parts of the wavefunction which dominate
the full F, nor are they parts of the wavefunction which carry a signicant
amount of probability. That is, rare parts of the onia wavefunctions dominate
the multiple scattering series of two and more pomeron exchange, and so the
asymptotic parts of this series do not carry very useful information about an
actual scattering. In the Appendix two pomeron exchange is discussed in some
detail to illustrate the problem with using a multiple scattering series in QCD.
In the next section, we exhibit a toy model which also shows the problems with
using the multiple scattering series.
In terms of a large N
c








xed. The expansion we
have in mind is the following. At leading order in N
c
one simply takes the
scattering amplitude to be F
(1)
given by (3), or equivalently, given by taking
e
 f
  1   f in (32). So long as F
(1)




this is the answer in the leading logarithmic approximation to the large N
c









two separate parameters which are not necessarily small while ; or 1=N
c
; are
regarded as small parameters. Thus, we go beyond the large N
c
expansion but










enhanced by a large factor due to large Y.
Even after recognizing that one must go beyond the large N
c
limit at high
energy, that is that terms down by 1=N
2
c
may eectively compete with lead-
ing order terms when Y is suciently large, the question remains as to which
nonleading terms in N
c
should be kept. In (32) the onia wavefunctions have
been evaluated at leading order in N
c
while the scattering between individual














d take in the right-
moving and left-moving onia states respectively. a
+
a is, roughly, the number
of dipoles in the right-moving onium, and at large Y the number of dipoles is a





correction to the onium wavefunction may also be
compensated by the large number of dipoles (gluons) in the onium wavefunc-
tion, however, such corrections only aect a small fraction of the dipoles in
the onium wavefunction. In an onium-onium scattering one is sensitive to the




corrections which are not enhanced.
We may phrase this in a slightly dierent way. f in (35) is no longer small
when the number of dipoles, a
+
a; of the right-moving onium and the number of
dipoles, d
+
d; of the left-moving onium are of order 1=:When a
+
a is of order of
1= then the probability of a pair-wise dipole interaction within, say, the right-
moving onium also becomes of order 1. However, the probability of any given
dipole in the right-moving onium to have a nonleading order N
c
interaction is
of size  and so the wavefunction is not strongly modied until one reaches the
\saturation" regime[9] where a
+
a becomes of size 1=
2
:
4. A Toy Model
Before trying to understand (32) it may be useful to consider a toy model
where the scattering amplitude has the same structure as (32), but where the
problem is made simpler by eliminating the transverse dimensions. While (32)
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is claimed to be a good high energy approximation to onium-onium scattering
in four-dimensional QCD, the toy model which we consider here is not likely a
good approximation to any high energy scattering problem in eld theory.





















in analogy with (15). Dene Z(Y,u) by











with u now a parmeter rather than a function. We note that Z(Y,1)=1. We
view Z(Y,u) as a generating function for the square of a wavefunction exactly
as was the case in Sect.3. Eq.(39) is easily solved by noting that
dZ
dY






























The probability of having exactly n quanta in the wavefunction, P
n















































We introduce the S-matrix in analogy with (32) as


































] = 1 and [a; d] = [a
+
; d] = 0: Here f
2
represents an interaction
probability between individual quantum in the two colliding systems. To rst
order in f




































































is large but f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An eikonal form for S, using the right-hand side of (48) as the eikonal,




g: Although S does indeed go
to zero at large Y that decrease does not follow an eikonal behavior. It is
instructive to evaluate the multiple scattering series for S from (49). Formally,









































which would lead to






























which is not quite right. A more exact evaluation of the series (53), not making























one must use (58) in order to obtain the correct asymptotic behavior given by
(52).
There are several lesson which may be drawn from this calculation. (i) In
our toy model the multiple scattering series does contain sucient information
to reconstruct the S-matrix using (56). (ii) To reconstruct the S-matrix from
the multiple scattering series requires a very precise evaluation of the individual
terms in that series. The leading high energy behavior for each term in the series
is not sucient as the failure of (57) to generate (52) shows. (iii) In our toy
model the eikonal approximation does not give the correct high energy behavior
of S, and it cannot be expected to work any better in QCD either.
5. A Qualitative Picture of Unitarity at High Energies
In this section, we shall use (32) to estimate the energy at which the S-
matrix becomes small for onium-onium scattering at an impact parameter b.
When S(Y,b) is much less than one we shall speak of the scattering as being
black. As we shall see blackness sets in at energies where the xed coupling
approximation is still valid, at least for suciently heavy onium states. The
approximations made in obtaining (32) remain valid through the energies where
blackness sets in. Thus the imposition of unitarity to obtain blackness occurs
17
in the domain of perturbation QCD, a result which may at rst sight seem
surprising. As one goes to even higher energies, at a xed impact parameter,
saturation eects bcome important and (32) ceases to be an accurate represen-
tation of the onium- onium interaction.
Consider the S-matrix element given in (32). The S-matrix for onium-














































be 2R with R the average onium radius. (Of course when Y becomes large the





in (59) may be much less than R, but when that
is the case the onium-onium scattering amplitude is already quite black. Our
purpose here is to nd out at what energy blackness sets in, for a given impact
parameter,b.) We also suppose that b=R >> 1 but that (36) is also satised.
We may formally write (32) as


















































= (nmjf jnm): (62)







) with m being a state made of d
+0
s: The operator f is given in
18
(35) and is a diagonal operator in a dipole number representation. From (35)
it is clear that f
nm
 0: The P
m





















S(Y; b)  expf  < f >g; (64)
where













given by (9). Thus, S(Y,b) cannot dier from 1 by very much until
 F
(1)
(Y; b) becomes sizeable.
When N
c
Y is xed and N
c





(Y; b) given by (9) and representing the leading logarithmic series. As Y
is increased and F
(1)
(Y; b) grows the leading logarithmic series begins to break







>; the second term in
the multiple scattering series becomes of order 1 before F
(1)
becomes of order 1.
However, our understanding of the enhancement of F
(2)




is that that enhancement is due to rare congurations in the wavefunction (see
appendix) and so does not have inportance for < e
 f
> : That is, a congura-




in (60), but which has a large value f
nm
contributes strongly to < f
2
> but very weakly to < e
 f
> : We feel the value
of F
(2)
is not very interesting for the unitization of the S-matrix because F
(2)
is sensitive to low probability congurations. On the other hand, F
(1)
appears
not to be sensitive to low probability congurations and so we expect < e
 f
>
to be signicantly less than unity when and only when < f > is signicantly
dicult from zero.
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Let Y(b) be the value of Y, for a given b, for which  F
(1)


































Eq.(66) does not quite give a solution for Y(b) since Y(b) also appears on the
right-hand side of that equation. However, the dependence of the right-hand
side of (66) on Y(b) is quite weak so that (66) is a useful way to represent









) only because that
factor emerged naturally.










follows from (48). If we write Y = Y
0





so that S is small when [Y  Y
0
] >> 1:We expect that to
be the case for QCD also. When N
c
[Y   Y (b)] >> 1 we expect S(Y,b) to be
small. Proving , from (32) and (35), that this is indeed the case would be very
signicant, however, so far we have been unable to construct a solid argument
to that end.



























is the smallest Y at which one expects unitarity corrections to be important.
















































For Y > Y
2
(66) ceases to apply as the scattering is black over the whole region,
in impact parameter. where partons have diused. A generalization of (66) is




Thus, we nd it useful to view the scattering in three dierent energy
regimes. (i) When Y < Y
1
the BFKL pomeron applies and S(Y; b) = 1 +
F
(1)
(Y; b) with anonium- onium total cross section


























< Y < Y
2
































































































with a given by (8). (iii) When Y > Y
2
























with  << 1 eq.(9) is a correct representation of the leading
logarithmic approximation and means that the BFKL pomeron can be used to





































< Y < Y
3
one obtains (Y ) using a formula identical to (70). One
nds exactly the same formula as (71). We note that for Y < Y
2
the BFKL
formula applies for the total cross section even though unitarity corrections have
become inportant for large rgions of impact parameter space. This is the case





It is only when Y > Y
2
that sizeable correctons to the BFKL formula occur.
It becomes crucial to consider wavefunction corrections beyond our leading
logarithmic large N
c
limit only when the order of 1= dipoles of a given size
overlap. This occurs at lowest values of Y for dipoles of size R within a distance
R of the origin of the heavy quark-antiquark pair.


















a value parametrically larger than that given by (67), the value for blackness of




x equal to 1 in (8).






:) For a dipole
of size x at impact parameter b the Y necessary for saturation is at least as
great as the value given in (74) plus the rapidity necessary for dipoles of size x


































which is parametrically larger than Y(b) given by (66). This means that unitar-
ity corrections in high energy scattering become important at rapidities where
saturation eects in the wavefunctions of the colliding onia can safely be ig-
nored. Thus unitarization is a perturbative phenomenon.
Finally, we come to the point of the use of xed coupling thoughout our
whole discussion. The natural coupling for onium-onium scattering is (R)
with R the onium radius. However, we have been led to consider distances as
22

































which means that for N
c
small the coupling can be considered xed over the
regions of Y and b necessary for studying the unitarity problem in high energy
onium-onium scattering.
Appendix
In this appendix the two pomeron exchange amplitude is calculated, again
for a denite (large) impact parameter between the two colliding onium parti-
cles. We continue to follow the procedure given in ref.5 where double pomeron





















from the center of the heavy quark-antiquark pair. The heavy quark and
anatiquark have a separation x
01
and all the gluons which make up the dipoles

























































































































































expresses the fact that on the left-hand
side of (A.1) the b

0














































. This makes an
exact large Y solution dicult to nd. However, we can determine the form of
the solution for n
2















: To that end we suppose






























































In order to motivate the form given in (A.2) we rst recall the formula (8) for
n(x
01















) are of order a
 1
(Y ) we see that the
logarithmic prefactors and the logarithmic terms in the exponential in (A.2)











rather than the, perhaps, natural x
2
01
factor which is explicit in the rst
term on the right-hand side of (A.1). We are now about to detrmine the value
of :
If we substitute (A.2) into (A.1) we immediately see that (A.2) can be a
solution of (A.1) only if  > 0: The dimensions of n
2


































of order 1 we may look for
a consistent determination of  by dropping the inhomogeneous term in (A.1).










































































































 (1   =2) 
1
2
 (=2) = 4`n2: (A:7)
There are two solutions of (A.7) in the region 0 <  < 2; the region of  for
which the integral on the right-hand of (A.3) makes sense. One solution has
 a little greater than 0 while the other solution has  a little below 2. We
presume that the correct solution, the one dictated by correctly including the
inhomogeneous term in (A.1), is the one with  a little above 0, however we
have not been able to prove this.
This double scattering contribution to F is given by a formula analogous






















































































































; ` and `
0








































































































with c the unknown constant. In order to determine c it is necessary to include
the inhomogeneous term (A.1) which, in eect, means that one must solve





and b are comparable. We remind






















In the case of single pomeron exchange we found that the dominant contri-
bution to the forward scattering amplitude came from impact parameters much
larger than the radius of the colliding onia. For two pomeron exchange this is
not the case. F
(2)
(Y; b) decreases faster than 1=b
2
for b=R >> 1 so that the
dominant contribution for two pomeron exchange to onium-onium scattering
comes when b is of the order of R. This is the explanation of the fact that
the Y-dependence of the two pomeron contribution to the forward scattering
amplitude, A
(2)




by a factor of (Y )
 2
: At xed






is the same, however,
referring to (A.10) we note that for b=R >> 1; F
(2)





Thus, even in impact parameter space the multiple scattering series does not




Part of this work was done while I was a visitor at the LPTHE in Orsay.
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